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Methods for plotting trigonometric functions containing the sign of an internal module

Abstract. The article discusses practical techniques for plotting graphs of various levels of complexity. Using
the example of trigonometric functions containing the sign of the internal module, the behavior of graphs

in the domain of their definition is studied. The purpose of the work  is to show how it is possible to construct
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Ho 0] 0 dzoGgadGO3DG Gg Ho Qo D2 NAdzNESDMG DA d3® dfh G JNHGGH G
Ka&®&3pDbdhdz33, GPGJodzdzG gHIZ KapG] G3 9GQGdzdzG3 NG&
Andg £33.

Li Hp 9 NDANGNQ 30ne&odzied Q3pA3gDZBdzA PNhQodzZNa Q
dz3 D50 GAS3 Andg £33 GOQdzG3 §oHoDmpdzdzG3 3 D@34 ¢
D] GkG GdzGDZ§G 3 DALQoDBHGKGdIzZ3 &, NQGHJQN:‘saer]GRc
dz3e, nDnHpNA gHZDpdz2NA aN3 DpNGQa QD2 Ho@odz3e 3
Qo0& NoDAdzGPN3, G NGj Q¢ KDI QQNA dzGKaj GDZ3 HGo HGY
k G DDz  Hip GDBAzGKEdEBEA M NGQa GQdzGDxp HdzG3 3 DaizGk GDa

agneodz3o Q3pA3ZgDZBdza ¢o6oNGQa GgN3IDHBOGA3IZE ¢
GpPKGodz30 NG] 34 OQO3pA339DZdz ne&ogdzGk G ¢ DX dzG, ] Gj
&0 P] 33 GdzGDZ§; DZdzo 3dzGé GDXk o gH-ll11§3ng3dzdianéd,zJA533 Xapa)
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qggqg ODZ OQ3pA3§gDBdz Gy HG) GKGNo DA dzG3
zGk G. ngHGKDD dz3 &

O\@‘

0o0NGOGDLGk38 3 HoOnDANGNa 3ppDdOGKG
GgNNIGgkDY 380393

OnpNA A E&FRo 0o DD dzG 3 dzo g Hio Had Khig$3 dZ&K GNGUY B §
dzG a NGDz GNI-UQQ]Q ndz3DzGQGDE\de3, N. o. 7D YNGCHNGED:z
4G0Q3DG dzG3AHE MEGaEsjzép NAE

U0s0G30 330593

No AE3Gdzdza 3 gHGAQDPDP dzG&G @@ﬁqnddg S/E(SRHCDe] N3G OGPz 3 |

~

A
0 GD& "k' Doa&odz3e Kj DE&GQOIK pPogeé pPDHONES IO

290 1.

UG GNHen bl Kag3HGEN QKo KdznGy Biydzdz3ikoa B3PREE N ¢
@0 dz3 e A (x) G 3] GdzAGA[ a6 Mblg30 JKG o k 6 Kdzn NHR drdg3 4 NG
N. §(ao),f(®).f(by) f(bo), G 0GNoDz PHip Q3 ¢ GDA o dzdzd & ¢
dzG3 Dnp dzZA @0 o .

UnpNA, dzGgH3Dn H, dzG3 Do dZAIAx p O GUEG3EGIR3NTQKA N N &6
N. gin{f(ao),f(&).f(by) f(bo)}=f(&). 1 GkQ&, GaoK3QdzG, NG|
ﬁE’;&hdz] /EBxfadzééGQBNpé dzé GdeGDz 3@ GNHJQ@ GRUGagm%mzp

890 2.

UG GCNH@fjoel=[ao, b]Kag3IHGEN QKo Kdzn®)Hly ddz§ - NG:
KNGHEEN Oo@EQPNKIZ®w3 aNGDz K ]@&@@F%GENQ&G%]h

UGp] GDA]J n dz&G gHoQaongoDz BGko 3No HGAESGdzdzGk G
Andg AF3dzG | CdzAEGAaGWHEDPIoGh 13 K GQdzG3 ok G Kdzn NHg
Ele), NG dzGA GQeN § did£NIEGDA J A dif GE3K3dzn NeHyo d#8zo & G NS
GHG30KGO&N dzoGgaGQ3Dho P HGK(z)dL3 &)).0fddG ¢ (33 An dg
 LiagGH dzG OGNDA] 6GkQdzG3 Kdzi NHig dzdzo 3 NGe] 3 3
Andg £33 K dzg3 nDmdzZADGGON GgAoDz Kaae3pbDddz3s dzG G
K 4 HGOG. o o S ]

aNQI-UG/E3GdZdzé3 GHGAQPDP GHGQGDDGEN 06 No& ¢GH
GNHo [gap,®n]dzo p NGdzo N Dz@?&z&zég § OB GHzdz&3 (INGEHQIZES PKN § G & ¢
NGea&] 3 Dzﬁg@@@ﬁJGEmnm@aeb 5 DBn, K ] GNGHGIx)E Dozp KE3Z &
dzG3Dm dzZA Po o ¢ dzGa&odz30, N. 0.

Ax=argmin {f(an), f(0O,),f(b,),f(bn)}.

0§GppDGNHIZDz KGg HIGP Ragé@pczﬁikdm NGHjo didz3 4é N,G&o |
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UG ] GOQGDz @Gko 3NoHGAESGAAHzGKIG | QBUBZEN D P G § GDKG
RanI—quzsz@,3lectx£6}1Nl—U3 &GpPN3. G)I-53b ENGRHRSER] RG], 4
]GQQGe 30 dz3a GpnﬂQDNKDEDB [gaQ(BQZ;NGQ Doe&odz3oe

UHP Qo ODDGENGPN 69 PNKDZQN ¢ o GDGNGpa, P 2o dd3DBE ¢
KagGDaiz2oNpe pDHONEGSQQQ PGGNAzGPBodzio [ 5]
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5&3 Dz QDZi Bzrb ] a0 iz @ jNGE AN
QDZ dfza, @]\grmq;q NG ].-LiiGEE( dz@ NdagE 134
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o Qo =0
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1
AB=10K |,
2+ =0,
D=b284G=1+4=5,
, -b° VD
5,2:41
2@
-1-+5 ., -1+4/5
IEELRL 12}
UGp)] GDAJ] n OQODZENz6] d®mN HIgHJo&®N gaNA GNH3 AGNo DA dzG 3
-1+
;’E:A'_:_Z:—l ‘/g_
2
) P -1
dz ng]G@g]\laz\/g ©0.618.

2
( G] 3Dz GgHGGGDz K dgh Bl bugGddddh @) fEGI&AH 3HGEN NGy, 3
Gdzd NnQGKDH NKGHEDZ pPGGNdzG@odzZE (1), N. o.
bi‘ai _ai'ai _Bi'ai
G NGy Qo D GGED 8z6 Sy 643, £
UGpDDd KagiGbhaizvo %Gk G 3No HIG /A3 GdzdzGk G JauvaAmpp G OQD:

thgdzA@Gq}Nl—p@(g K3, pDDdOGKGHGRAHKG o k G DD dzG pP/NGdzGK 3
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CNpDB ©, NG 0IZdz&NHQ 0] G PINGjo DrsoNPlED N H3 2o D] G& g

PR RN -4

(G] 3Dz GIJHGO GDz DnpEGOBECEHPNEOG PaGQ3Npe, ¢ H:
GDEszQgGBE 5 y y )
1. O0o0NGQ 0GDGLNGKkG poe.odzieé gHI3IDDdAz3Dz 3 ] Andg

G N HQ Raobo] .

2. Njp D3 dzpaoGoI\d]-IéanciZJQE@(é3DZQQN dzo P GDE\] G DZ&] GDA
DHG K, NG 3NQI—UG/E3Gdzdza3 gHGAopp PaAGO3Npe | GOQdG
k D5 g G DA dzG Da .

~ LIDDgPp3ndz GgﬁE Q0 QGjE Eﬁ&ﬁ@@&@zjej)dz,&dzg o
G gnpQ@EDA] [N ngI@INDNESJdz 3§DINGOY NQDOC

GhgH 1.

1. Lja@3pD2 oDz QRE,dvd]: Lol bBudaj. G

2. Lja&3p D2 o D2 K/ E%0dahs .

3 Ljia &3 p D2 ¢ 02, Ky BB 3 dzn

4 UgHQ Qo D2 ¢ Dz K dzfpN3Hi dzdz3 ¢ NGe&] 3
C%==a04-Dz;I%:=b06£b.

Az Az

| | >

—~—

5. Lja&3pPD2 oDz o dz& o d3 N G &h.B33bo:f(ao), f(TQ),
f(by). f(bo).

6 . Déédﬁ?zfsmzdzAQQQ 30 GDAhe&odzdza 4 K §exdzg N\op. 50 .0
U min{f(ao), f(Q) f(by) f(bo)}.

7. Uo Ho 8EO@3D% JBGDESI0GE RodzGDp U 3 No HUGAS F) .

GhgH 2.

1. Lja@&3p D2 o Ox:KoMBBEdzn

2. NpHZars1)3DB=f(O._.,;), NG

1) 3P DE &Go[ly G N GJ

2) ¢ GDRak,®elBAaks1, b, ;1. b, =0 _;

Ai-1 a,

el
I Ar- s I I I /\ I -

ay da. b . b X

3) GgHQ Qo D2 ¢ Dz K dz®ON:H®, dalk B+ N G&] n
4) Ka®3pD2 gDz § dzG &g 6z3 B G dZjNEEER ) .
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Njp DB=f (bks1)3 DB =f( b, ,). NG
1) 3p] DE &G Bzsl DHQIR G
2) ¢ GDEak (belbz[ O, brer], O=b,_;;

Pt

Ar-1 a b, Dri

ik \/ k-1 k-1

I/\I 1 ,,l -

E),t X

{r . b

3) GG Ho Qo D2 o Dz K dzbb N\ Hop dimizB B oN G &) #
4) Ka&3pD2oDz §dzG &g E[thgIGlﬁg(n (;JZJNAE(St@)
3. UGAGQ3Dz dzG3Dm dZABo o 1§%) Ko teGadp @F D, Jon,dzj NE3GS.

U=min {f(ax),f(O, ). f(b.).f(bx)}.

4. Uo Ho &EG\@3DE 3

GhgH 3. )

NjpDZ>e, NG gGDOZEBKkGH DgoHo AEQEBIA] 2

Njp DZ ¢e, NG 3N9HJG/E3c';dzdzag GHGAEopPppP 0G] Gdze3KGoD
Dz3dz3DanEmIg3wGQDzakl\IG)gejbp:sD@k, K J GNGHGE(x A% Dz ¢8% &
dzG3Dm dzZAPo @9 0 dzG&o dz5¢9, N. 0.

A=argmin {f(ax),f(0O,), f(b ), f(bk)}

ap3dzQp.

UG3N3 NG&Jh/EE&EﬁC@DEBKSG—/EéZOCE+4dZG GNH@g,jbe] =
=[0.6,1.2] P NGe&dz&40R%A E

UQsQG3 0.

GhgH 1.

1. Lja®3pD2 oDz QRB,drd] : GoNHigdap=G.2 50.6 =0.6.

2. Lja &3 p D2 ¢ 02 K/CDZE eeFlaad.6 = 0.3708 .

3. Lja&3p D2 o D2 KM BBr®B.640.3708 =0.2292 .

4. UQ§HOQ Qo D2 gDz KdzfN3Hy dzdz30 NGe&] 3

@ =ao+ D2=0.6 +0.2292 = 0.8292 ;
b, =bodD2=1.2 50.2292 = 0.9708 .

5. Lja&3pD2 oDz 0 dz¥ o Hz3 B G &p @A 3bo
f(a0)=f(0.6) =3.1600

f( &) =1(0.8292) =3.0291,

f(by)=f(0.9708) = 3.0008 ,
f(bo)=f1.2)=3.0400.
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-

el ﬁﬂ EJG by
[ [ [ [ -
0.6 0.8292 0.9708 1.2 X
fﬁ‘t‘) 3.1600 3.0291 3.0008 3.0400

UGAGQO3Dz dzG3Dm dzZA B0 o 4®) Ko dﬂ@m,o@ézﬁo%rmaz] £33
U=min {f(ao),f(&),f(hy), f(bo)}=

min { 3.1600, 3.0291 , 3.0008,, 30400}—f(b0)—f(09708)—30008

7. UGDXk0G kDR6dzGDDp U 3No HUGAS3) EfH §HAHIBA GO3 Dz
GngH 3. )

OUGp)] G506 >e=025, NG GOTEGGDAUo AEGOEHIA] 2

(o2}

T hOpga3kEll (
GhgH 2.
1 Ljia &3 p D2 0 02; Koy DB, §.8708 50.2292 = 0.1416 .
2 . UGpJUG[D@bb Y=f(0.9708), NG
1) 3pj DE &Go[ban, @\]Hd@6GD.8292];
2) ¢ GDKak,belDz[ §, bo] =[0.8292,1.2],
®, = b, =0.9708;

(@]

ag aﬂ :E?ﬂ bo
// ~
[ /\ | [ [ [ -
0.6 0.8292 0.9708 1.2 X
a; ﬁj g} b;

3) G@§HOQ Qo D2 oDz KdzotHig dzdzE E NG ] n
b, =b18Ds=1.2 50.1416 = 1.0584;

4) Kae&e3pDbDz2oDz deGee@Kz3[glGI&=1nd21 /£33
f(b,)=f(1.0584) =3.0034.

| | | |
0.8292 0.9708 1.0584 1.2 X
f(x) 3.0291 3.0008 3.0034 3.0400

w

UGAGO3Dz dzG3Dm dzA Bo o @) Ko oy dB¥asb, Kbz £33
U=min {f(a1), f(®),f(by), f(b1)}=
= min { 3.0291, 3.0008 , 3.0034, 3.0400} =f ( ©, ) =f (0.9708 ) = 3.0008.
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4. Uo Ho AEG\@3DE |3

GhgH 3.
UOGp)] GDA50B708>e=0.25, NG ¢ GBBKGYgDAo & EOF BZA] 2

w

N

T hOpgae3k=2p (
ngH

(@]

ja ae3 p D2 o D2, K D7 §.2282 50.1416 = 0.0876.
UGpjUGDAD, h=f(09708), NG

1) 3pj DE &Gy ®NHGHSI4, 1.2];

2) § GDEKak,belDz O, b1]=[0.8292,1.0584],

b, = ®, =0.9708;

N P

aj ﬁj b ] b;
\/
| [ [ [ /\ [
0.8292 0.9708 1.0584 1.2 X
> a 5 53 b-

3) GgHOQ Qo D2 ¢ Dz KdzONHQ dzdzEE NG&j n
02 —ax+ D,=0.8292 + 0.0876=0.9168;
4) Ka&3pD2 gDz ¢ dzGdq #z3 )l GBj: g7 £33
f(0,)=f(0.9168) = 3.0069.

I I I |
0.8292 0.9168 0.9708 1.0584 X
fix) 3.0291 3.0069 3.0008 3.0034

w

UGAGQO3Dz dzG3Dm dzZA B0 o 4®) Ko dﬂ@aﬁ@,dﬁ@ézﬁzﬁé’odz] £33
U:min{f(az),f(Oz),f(EZ),f(bz)}=
min{3.0291,3.0069,3.0008,3.0034}=f(62):f(o.9708):3.0008.
Uo Hio 8EG\@3Dk j3
GhgH 3.
Njp DI =0.2292<e=0.25, NG 3No HGA3ZGdzdzA3 JgHGAopPpP oG] G
UGp] GDABB DD dzA 39 ¢ § dzG el BiFx? oR& a4 FFpEo N Kb NG &) o
09708, NG NGa&] G ¥ @Fdddzdz DN dz £3 30.6dz8.2 |PN HbGegde&h N A E
0.258 KD2 ¢ Np &, NGI2P8G
~ (0G] 3Dz GyBWN S DA dza Dz HiQ o dzZ30Dz 9 GQG&3 dzGAGOQOQ
Andf AXF=AR0620E+4dzG GNHQ&O,N.2]P NGC&dz&IORAEKDZ o Npe NG#

SOl
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A*=09708. UH3 aNGDz DB dz3 DGSDAdzGo ¢ dzGa&o dz3o Andj A3 3
FHUG K 821008, N f min 6x) =f (0.9708 ) = 3.0008.

<
)

Li HHGGGNg HGpPPDGNHOQ dz Dnp NGQ QGDZGNGRG Do &o dz3 e
D73 dz3 DA bAlj A33 dzG GNHo ¢j o P 0G60GdzdzG3 NGa&dzGpP NAE,
0kG 3pgGDAQGKGdzZ58 QD2 Ho Jo dz3 e ngN Zpdzde3 QG

OGNoHI3GDZ §gHoOQpPNGKDD dzdza 3 K HGJG Ng DGOo N §a
gH3 gHGKoQodz33 gHG] N3z&op] 34 3 DzégGHJGNGH;dzaa 0 C
®kodzZee, G NGj Qo PNnQodz2NGDZZ3 QD2 pGDGPNGa No DA dzG
~ UOH3KoQodzdza3 K HGJGNo GDXAGEBADPY oHig3ko dR§@ ] 035 O
Andg £33 dzG GNHo o] o D NGQOGDz § GDGNGk G poea&odzie
dzGKaj 3 K HGOHGHIGN] o ¢ HGKk HGDDazGk G Ggo p g o &o dz3 @
NG] Qo PgGPGIPNKGRGNA KAHGIGN] o n dz3& ¢ HG] N3 &
GgN3DBoGA33 ODZ Ho@odz3é NoGHoN3Zs&opj 34 3 ¢gH3J D
e Nog DAdzGP N3J. @&@NG pPpngopPNKodzdzG gGKa@GeN ¢ G3dzNo H
Q3pA3SgDZdza 3§ nDh&edGoN aAAo] N3KdzGpNA 34 Ggn o d:
U0aodira Udz allusUal a
1. dZHIG] QD2 dz lj. L) 0 GENeo DGINDZI NGG k3606 PHNedHZs 694 0 42 0pL.4 ,

2. LiGpPEN3dzp] 533 U. d2. #6G DL NoGBDACHERG KHIESBEQ 38, 1990
3. dINN@NJ GK dz Lj. 0oNGQa GgN3D®0 GASEG Qalked §dz3Dz QD2 &K n §X

2003.84 40 P.

4. dj nDZ& &. O. GEGNGDGNHEDSF HGK Gdz3 o K 3 H3 OB ¢l 433F0D 1 QIS 2 G
5 I GHIDG dzGK  Lj.  |j . 6GNQ DGN3&opP] Go ¢ HGkabdG DDFEFHHAKEINIBZHN ,  (Rado
264 P

Ulga N. Bakhtiyarova

Candidate of Technical Sciences, Associate Professor, BaumanMoscow State Technical University, Moscow
olga-bakhO6@mail.ru

Inga V. Ptitsyna,

Candidate of Physical and Mathematical Sciences, Associate Professor, Bauman Moscow State Technical
University , Moscow

inpt@mail.ru

Marina |. Podzorova,

Candidate of Pedagogical Sciences, Associate Professor Bauman Moscow State Technical University, Mos-
cow

marinatichomirova@hotmail.com

Some methodological aspects of the presentation of the topic "The Golden Ratio method"

Abstract. One of the topics in the study of the discipline "Optimization Methods" is the "Golden Section
Method". This discipline is included in the basic part of the educational training programs in several special-
ties at the Bauman Moscow State Technical University. The article discusses the formulation of the problem
of finding the minimum point of a function on a segment with a given accuracy, the algorithm for solving
this problem by the golden section method, an example of solving the problem using the conside red algo-
rithm is given. The purpose of the work: to illustrate the peculiarities of the golden section method for
solving the problem of finding the minimum point of a function on a segment, the use of which allows to
significantly reduce the amount of cal culations when finding the minimum point of a function on a segment,
especially with a high specified accuracy of determining this point. Successful mastering of this topic will
contribute to the development of students' practical skills in applying optimi  zation methods to solve theo-
retical and applied problems of professional activity. The result of the research is a material that can serve

as a basis for the preparation of practical and laboratory classes and be of interest to students and teachers.
Keywords: unimodal function, segment division, golden ratio rule, optimization
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T 0NBYT dz GNANU&ag AdiNHze 0UGao6dz0&0U
Ua a dz o

v ) &
O& 0d Njd dzo & UljGd2Use NUE &

(

dzdzdzG N G £3 &
[ GPPDSNHZKGoNDE QR300d3o 3 deg Ml ORpbEK6z § g BHGH &
dzZEKHQ K ¢gD&LPJ GPN3. U gGDGGGAE Gk HGAzg &g dzdzG3 ¢ G |
PNS GJgAoQj] N dzG. 9 GQGdzdzn E. g Hie DDA dzg 3dzn E NHGo ] NG
] Gdz/Eo g HGAQPDG. dj NnGDAdZGPNA GynpDLGKDD doG eGP |
] G@iz O HEghdden 3 dzGk 6 NGdzk o dzP G g HI3 h g HIGK DD dz3 3 dzG g HC
D750 GA35 HQQ3DGK gGDENG 3 Dadzg KHIGK K Ko HIN3] GDA
0nDANGNa DLGKknN_gaNA ¢ H3IDmdzdza QDZ _§GPNHGo dz3 &
dzG § HU3 D B3 DA dza DS DAUGH G N3 34 QK3Qodz33 K k GH3 9 Gd:
npDLGK3ea pPnaGkG NHodz3é. UQDAE eKDZgogNpeée GJgGg g«
PD& &G3 dzodzh DHKG3 deGeGDAdZG3 P GHGPNZ. ~ Lj Hio ¢ n D2
DNGANGDZ _ 3dzNok H3HIGK Gdz3 e K o @dzSelzg GG NG PMOA QG g
Ko D2 OK3Qodz3o, 0GK3pesoo GN dzGaeGDAdA A N pDGK];
PKeogA P QKnDZ OQHnNnk3DZ5 30KopPNdzaD 0 GQG&GDZ5_ Gg N.
D® dzdza Dz3 3 Hio @ dzdza D75, QD2 P 3P NG 6D PHQAB @Y G PUSG DA F
gGDDH 9 dzG P Nn Qo dzN G Dz NG] Q9 gHQ g GQGKGNQ D£ Dz DAk :
I DE&oKaog pPD&GKG
GgN3IDGDAdAzG9 ngHGKDD dz3¢9, ¢ H3dzESg DAS] p 3 DA D:
pnaGo NHodzZ3o, | GDHpPpdzao P3P NoDa
dzLjG U G a
L7 NagGoKG 6GQ3dzG U 3Da HIGK dzG
5 _ 3dzQ o d2gHy G HUG N G HU3. D a Gdz3] 3 P 3PN Dz
UljLIOU ¢adzpNSNAN gHGQgDD Dz Dm a Gdz3] 3 3Dz dz
. 0Gpp33pj 63 G 60oDBE3 dGR] & »
PN n Q@ azhQ o dzo HidzG € iﬁﬁv(ﬁ@u[ﬁ@@m 3P] 33 _NndzsKo HP 3N«
QHIN Qg a dzGHIGQGK 3D dz3e W.GNHGPIGK @n Dz D a
madi8991@mail.ru
o 0o@DBdz UpHko3 diDD] P GdzQHIGK3 &
k D-IsKdza 3 dzGne&dza3 PGNHNQdzs] DLGYgGCGHGNGHZS3 D
G L00 ¢adpN3INAN gHGHDDH Dz D & Gdz3] 3 3Dz dz
uGppP33pP] G3 GJ 6Q0eDZ33 dzGnj e
. ; JHGAQDPDPGH : 5 5
ulj LJa U Lju c;o(?[l@}p@@ HPNKoQ dzdza 3 NoadziseQpP] 533 nc
] o 3Dbz U. & ; LIGnDAdzGe s 5
g HIG A ¢ P dadle dzo KufizG® o DE3dEN Ucil@p P33 P7 33 ndz3 Ko Hp 3N
QHIN Qga dzGHIGQGK 3Dz dz3e ,U N H3PEP JxdDa D a
reshmin@ipmnet.ru
LiK @ Q@ dz3 o
Li OGdzdzG3 HGHIGNo K J GeopNKo GgAo)] NG ngHGKDD
NGe&e] G §GpNGe dzdzG3 DGppa K gDGP] GPN3 gH3 KaKo Qo

lappDd QGK&EGEDAHz0 dzG K aU0U604& Gd720 0G peoN kHGANG G6pPp33pj Gi
00128).
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(H3p. 1). Lj GgsvoDz pbh &Go dzG&&GDAdzA o pPJ] GHGPN3F dz
DD dz3 3 dzGg HIRKED d¥¥g xDX G HIGo GDz &NGga 0G 0 GOGdzdzG
GgAQ] N dzG nj GoGdzdzh E Ka gHGdzdzhn E gHRDAE 3 ¢gG KGo
dzhnE pj GHIGpPNA. UGaNGDa gH3 Ho@odz33 AoDdpPGGyHGH
[1]. GGdzwo (§0G0OG&3 Gdri& D& DA dzdik B dzdz®U% K BD G] N 3 K dzG
HL3KGDZPA K [2]. UGN3ZDGDAdzGo Ho P dzio GdzGDLk 3 ddz
P] GHIGpPN3 ¢ H3IZI Ko Qro8dzG 4K [p3., 115]. NGDDHo K pDaa&Go
g UGKQ Q@ dzG GdzGDZk 38 D DAY P§DZ3 9 Oz S Qb kEBRLG Gg GK GHGN
OQK3kGNoD2 [5, p. 166]. UH3J dzg t# DD R §zG 026G & ODZ &G
DG DA dzG QGG n P N3 DHBNGIAKKDDHzZI Ko GIDGPKEGA P 0G0OGae
GgAQ] NG P GQdzG3 PNogodzZAE DPKGE&EQ@] GEGdzeG3 20K E3 P
0 GOG&e3 KaKoOQodzG npDLK3o HGOHO B3DGPNS OD2 3pacG
dzao HQ QN DANGNa NG] Qg9 gH3DmpdzZDAa QD2 pP3pNoDz p NI
dzG3 gDLGP] GPN3, NGKkOQOG p3DL Nek3 OGDDdIzGdzg35 NDAS Dk H
NHip dzZ@ K PGGNKo NP NK 33 npDIIE . GdNae d@idiGiddeG k G H
3Py GDAQGKGDP e ¢gHGKk HUGDDxzA 3 Pyhonp dgGEH03 PDEdeEdZARE ¢
DGN3&opP] 3D753 3 dzGnedzabDZZ §39DBGNoj] GDZ.

OGNoH3GDZ pNGNA3 3DmpoN ¢ He@ DG ok GQRIKS@ER®AZS on HUP P §¢
H33 GUgNIZIDGDAJzGkG ngHGKDD dz3e, | GNGHa3z #2N®EPe
k3pNHGDz KNGHIGKkG kGOG Ggnea&odzieé, NGj Qo Gdz 3p g GDZ
DGk G K Q0§ GHINGDDdzNog DmAGdzi] 3 3 gHGAo PP AKU.n g HIG
T AnHpP K] DE&#GoN K pogeée HGodaAo 0G0G&#3 Gg N3 DGSDA dzG
DGDZ P Gk HGdzZ &0 dzdzG3 Neék G3: DGdzZEKH K Ko HUIN3] GDA «
KGHIGNG KGDZL aDdj] NHHGOK3k GNoD2, (0GQG&G JapNHGQQ 3
dzG3 p NopgkoGipA&OQa. UoHKao OKo 0G0QOG&3 HGPpPDGNHIKGE
KGD&H KHo Do dz3, K NHo NA o 3GKHAo DB daz®@73 A 3Hp § NG K GdzG ¢
HG O DD HdzGP NA HGKdzG &9 NaHo Dz ( QKo pNo d@&p DP K GH 60
PNogodzA DPKGY GQEG . HARMBDEIGNGHERGK GPNA ¢ GQGa&, Gdz3 Gj
PpGgG3

UNDD N3Dz 0 GOG&3 ngHGKDD dz538 GGDENGDz P n&ENGDz
KGodz3] GE&Hk oM NK3e p3DAa NeQopN3; K dz54 NHpogn»
NGYDBXKdZZ Ho Podza K [7, 8, 9]

yll
t=T
|/.1:(t)
h
0 : >
UsN. G§A£0dzwy ok300G3E.
0oNGOGDLGKk38 3 HoOOnDANGNa 3ppDdOGKG

o 5 3 Vﬂgﬁlh‘dGQRD@‘ 300003 o 5 )

UnpDNA HGDPDDGNHIKGoNDE& DLGNoH3ZGDAdzGE NGa&] G ¢ G
Gg3paKGoNpe nHGKdzdzZeDz (1) p kHGAzZ3&dza Dz np DL

X=v, Yy =, \\ =cosut), y asinut) (2)
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X(0)=% 0, ¥(0 % 0 v(9 Vv~ v(0) Vo @
y(T)=h y(T) 0
J=v (T) - max, (3)
kQg yd] GGHO3 dzGN&D GGNKo NDNKNEG 30 ¢ HGPHD &B B G P fzdz6ue
NP GHY FPNouppadzGg HHGK DD dz50 Ne k 3 {dZ6 |9 JH6 bud K diGe P @ & dA
K Hio Do dz33dzG&GDA dzG& k GH3 0 GdzN G DA dzGvg 8 3Ges®OAMs@e DR oG
] GDA dzGeé g HGo] AZN HDJg G laGEER 3 Kap@maqum;qudzzsg Andg .

GdzGDL K | Gdzo &dza 3 Db Bak @N KI§ E Dai5dz3 ¢ GaNGDa K DZ5 & dz:
dzG Q3dzGDZ] n g ddo AFHOdkBGBZ | GNGHA 3 dzGQOG DA P 3 D73«
UOngo3D DOYOGIE 3§03@3 ¢HN3ZdzIDAGY QG

ND2Z Ho Podzse dzGOG ¢ o Hio A GHDaA DA HGKGNA 0G0G&n N
GabDL g H3DD dz3NA No GHio DA ¢ HIZ dzE3 g G D#j P 3 DA DG QD2
] GdzEGDZ. ND2Z aNGkG KKGOéNpauoPhazdimg GDAGk GNo DA d:

<;><rO
~
o
~—
—

% = acosu, %(0) 9, ¥ F
D) gGQDNGdeR]3 goHoDpdzdz2ad K (3) ¢§gGDAh&3Dz 3

J=x(t) = aﬁ:osudt min,

GHogneé KagGDazo dz38 O0Gg GDAHZZ x(r)=T. 1zp 3 NG o Bz H& de§ 323 ¢
g HQ v?)dZIXkaI-U%I—UGKGdz3e dZQA3j P 3 HUG K G dzdza Dz
LiKo QEDz Gg§ G0 dzG e dz5 @ :

G§GkOG Gk HGdzi &0 dz5e dzG g HUGK GDz
h=0, h =0, h 8 ( 73

NI5DH 9 KRKGQ&Npe& pGg He O dzdzd m, pom PUG OGN KA P NKn E 6

Dz AGQ GKa Dz gxpxim DAy dgddanDdzj A3 & |j GDZ DANGdzG ¢ H3 D

h(y=y-h hly) 3 KY ¥ T
] GdzEQ NHGo ] NGH3 3

H=p(acosu) Ay By RECOSU pasinu [
UGDLGk Gé HGQ3 Gimo @ aftfa aiaG DN DAG] p 3 DA Dz k & DZ5 DA N G dz3

M = {p, Basinu pracosu O
Lu
UNPEQG DG OQdzG dzG3 N3 0o GJ Gdz n g HHGK DD dz3 @
u:arctgpL (4)
3

3Dmp dzn o DA 3 O Gj DIEGIDE 3QIFEKICz®liGatzk tandeptGawy.
. dzdzhn E p3p No Da :

E
n=tl e b = o=
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UpDLGK3E NHGdzp Ko Hp GDAdzGPN3 3DmEN K3O:
2 3. %
=4 M0 p(x B B s
i=1

X i3

3
ps(t)=a =
o eoadRe
HiZ Hih @ g H3 dzG#eGDAdza4 npDGK3e4d, ¢ GDA &#3Dz
p®=0, p® I p® & p® = - g
iGkOG 0G] Gdz ngHGKDD dz3e (4) §GH3dZ3DSoN K30:

pO=8 Ml o pOr A s

QD
o
N
=z
e}
=

u=arctg Ct §u,). (5)
UHio Gg HUG) GKGdzdza 3 K30Q 0 G] GdzG dzGoaKGoNpeée o Gj GdzGD:
o 16n0o0op3pgkyaG3 0O N3INnQdzA o
ddzNok HZHIGK Gdz3o pP3pNeDa (1) GH3 ngHGRKDD 33 (
] GGHO3dzGN 3 pj GHGPNo %

é a, (sinu,+1)cosu
TV =V, +=In—2———,
3 C  (sinu+1)cosy,
v, =v 2 (se, secu)
o e ©)
To_ a e tgu, +seay, &
iy—yO ot ;Fg(tg - tgu)secy, -( seay sea) tou l”'@ﬁr—sﬁ t
|
ElxzxO Wt + ?; (secy, seas gu) n%.
I HGDx & NGIQ®, Hip Po dz38 PpPGGNdzGQDo dz33 ¢ H3dzE3 g G Di;]
Do 00N J GdZP NGdzZNGDZ 3dzNok 3 HIGK Gdz3e K 0GJ Gdzg Gg N
2a(aTsi
_28@Tsb* ¥o) ) =), @)

cosu, @T?- \,)’
Uo30KopNdzGe ugdaPpANGeIDBRA 30 3P DD dzdzG ky(T) +bg B o dz3 &
UG H3pndg G& 2, 3 ¢ Ho QOGUNGE BAUEA GG dZ3 @KE3 Qo d
T=25r3 D73 dz3 DA DA dzG Dz, K2Biip Do dz3

100 1 —— wy=10.0 M/C 4.0 4 —— wyp=10.0 M/c

60 ;N
= = 501
= By
40 154
1.0 1
204 054
o4 0.0 1 |
T T T T T T 0 5 10 15 20 25
o] 5 10 15 20 25 t.C
t,c
U3N. 2. NPGgA3IDZ 39k 3NAd: U3N. 3. NPJa3zDZ 39k 3W3dz

gn kpQuf@éa.sd3/?1h=1000). gn kpQUui@&E.5d3/21h=100k)
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. a30§©@3 4 H4akagpgnO kgDl EDODADGQK 3O
AGOCOHY D3D7%0GAS3 ¢ HGOGDA dG 3 D] GHGPN3 pAGOG
HIGN9 KGDZ aDdj NHIGOK3k GNoD2 dz& D] p3DGDAIA 3 nk
=%, % W, |u B (8)
%(0)=x,(0)=0,

%(T)=0, x(T)- ma.

AQo ANk GDZ § GKGHIGNG KGaHFI3KK JKEGIMATE K HIG 6 G NDADA dza 3
0 GQGdzdzGo KHiQ D& GJ GdzeGdz3 é gGKGI—UGN(:B GHognoNpe
HGPpNA KHGS o dz3 & ,gaDZBA HGKdzG dzn DE, G hkGDZ g GKGHG
LIGPgGDAGPRGK®G o n DANGNGDZ 39 dz3k 3, JGPGE®S3D
dzGk G n g LGK D& dz3 e zG3QEDz npDZBK3Q HIGO Hlp 33 DZGP N3
nkGDZ §GKGIHGEGRG | GdzpNGpEMNA &0k G Ho @3Dz P3P NoDa (
NDPDGK3&E&DZE (8RGER] @XKnéHoDnp dz3 p n&ENGDz NGk G, &
T

2

x()=bt 4G, G, &

;
2 0¢t <, (u b.
X(O=2- G, G & 2 (U B

O= ot & G &
bt —¢t g, (u =bk
(0= —- BTt G 2

OUGpDH Odzé & J GdzpNGdzNG 3JdzNo k U3 HUGK Gdz3eé Gg Hio Qo D2 o N

t=L.
2
UNPDEQG Dhk] G dzG3N3 npDLGK3Q HGOHQB3ZDGPN3Z, KGP
e DZ3 :
(10)
UoHiQg3paKGe npDLBK3o (10) K NoHDZEdzGA 9GQG®3 ng¢
Qo DL, §GDA &®&3Dz nPDGK3Q QE HGQHQ @3DGP P NK: p DA &G

UNDx k3O pg3p0Os3dzgNn3 k gKAQdz NDA I

0GpPPDEGENHZDz HiQ Qo DA dza 3 PNk HG3 § HIGG Kk @3 Gg N3 DL
dzG GPUEK dzG dzn DE. LjaHGQodz39 OQDHPRHGERNPES INGR k @0 ¢
30K P NdzGo Gg N3D£Dmdeg I-UQ@QdZ3QVVK_ QKnaNGeaeg &dzG 3
D% dz3 3 3dZQI—U/E3GdzdzaDz GgAQ] NGDz QK3Qng3DPe KQGDA
0 GOGdzdzhn E NGa&jn p dnDHKG3 pj GHIGPNAE
OH3&eDz K nj GoGdzdzG3 QKG3PNKodzdzG3 ¢GQGea&e Gk HG
ngHGKDD dz530 Hio D 3dzG, JgH3IZdAzZ3DZAGoN pPKG3 §Ho Qo DAdza ¢



